


Bag(w)= (T1)
LBn:
BestFit(B,w), NextPos(B,n), item(I,w,0,0)+
_)
item(I,w,B,n)

I TRUE — Bag(w)

where BestFit(B,w), which implies MaxFitWg(w), determines
the weight of the item that could be packed next in B and
NextPos(B,n) determines the next available packing position
in bag B.

BestFit(B,w) = (D11)
(w = [max I',w' : item(I',w",0,0) A Fit(B,w') :: w'])
NextPos(B,n) = (D12)

(n = [max I',w',n' : item(I',w",B,n") : n'] + 1)

The first subtransaction of Bag(w) does the packing while the
second guarantees that, once created, the transaction continues
to exist in the dataspace indefinitely. We handle the creation
by requiring the existence of Bag(w) transactions at the start of
the program, i.e.,

INIT = [V w: 1 < w< H::Bag(w)] (C2)
For (P4) we introduce the transaction class
Make_Bag(B,w) = (T2)
I:
MaxWg(w), NoFiyw), NextBag(B), item(I,w,0,0)}
.__)
item(I,w,B,1)
Il TRUE — Make_Bag(B,w)
and the requirement
INIT = (C3)

[VwB:(1<w<H)A({1<B<N):: Make Bag(B,w)}

The resulting program consists of H transactions of type
Bag and H*N transactions of type Make Bag with transaction
definitions (T1) and (T2). The set of transactions is finite and
constant. This first version of Bagger differs from a
corresponding UNITY program only with respect to the fact
that transactions are nondeterministic, while UNITY’s
conditional assignment statements are deterministic. This
version is correct with respect to the specifications from
Section 4 (for brevity, proofs are omitted), except that we
ignored the termination requirement—we will return to it in a
later section.

5.2 Program Refinement

The program generated in Section 5.1 is the result of a
series of specification refinements motivated by logical
arguments that did not take into account the costs associated
with executing individual transactions and the amount of
concurrency ultimately achievable under the adopted solution
strategy. Our experience strongly suggests that these concerns
are more readily addressed through a program refinement
process whose goals are to maximize concurrency and to
increase efficiency. Successive program refinements alter the
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program while preserving its correctness with respect to the
specification. For example, concurrency is enhanced by
increasing the number of transactions that can perform useful
work. Individual transactions are replaced by groups of
transactions that carry out the same computational task
possibly in parallel. Efficiency is improved by eliminating
queries that examine large portions of the dataspace and by
ensuring that transactions are present in the dataspace only
when needed.

5.2.1 Refinement 1:
Splitting transactions

Our first refinement is concerned with ensuring that later
optimizations are applied to a program that exhibits the
maximum possible potential for concurrent execution, under
the constraints of the solution strategy that we adopted in the
previous section. The refinement involves only the
transaction space which, for the time being, continues to be
static, i.e., it contains all the transactions the program will
ever need. The idea is to increase the number of transactions in
the transaction space through a technique called splitting.
Splitting takes advantage of the nondeterminism present in
query satisfaction by replacing a single transaction with
several transactions whose queries are satisfied by disjoint
instantiations of the original query.

The simplest form of splitting entails the replacement of a
variable bound by the query with a constant, which appears as a
new parameter of the corresponding transaction class. The
replaced variable must range over a finite set and the
transaction space must contain a new transaction for each
possible instantiation of the variable. The technique is similar
to constrained copying of rules used in some paralle]
implementations of rule-based programs [10] to improve run-
time performance. Its use in program derivation shares the
same general goal but in a very distinct context. The resulting
program automatically satisfies the specification: the
assertions that are part of the specification make no explicit
references to the transaction space; any program property
preserved by the original transaction is also preserved by the
transactions generated by splitting, since they perform only
state transitions that were possible originally; finally, faimess
is not affected because the number of new transactions is finite.

In order to increase the concurrency exhibited by the
Bagger program we must be able to pack more than one item of
weight w at a time. Maximal concurrency can be accomplished
by splitting Bag(w) across bags:

Bag_In(B,w) =
In:
BestFit(B,w), NextPos(B,n), item(I,w,0,0)}
-
item({,w,B,n)
Il :  TRUE — Bag_In(B,w)
For each possible value of w (1 through #) and of B (1 through
N), we create an instance of Bag _In(B,w) to replace Bag(w).
Now multiple bags can pack items having the same weight w.
Splitting Make_Bag cannot improve concurrency because of
the sequential creation of bags. Therefore, we leave it
unchanged.



5.2.2 Refinement 2:
Addressing termination

The goal of this step is to address the termination
requirement (P2) by eliminating transactions whenever they are
no longer needed (i.e., can no longer be executed), and by
showing that eventually all transactions become unnecessary.
This portion of the derivation process is the first to take
advantage of the dynamic nature of the Swarm transaction
space. Up to now all transactions were created initially and
existed forever. Since each transaction introduced so far is
active only when items of some weight w are present, we can

replace TRUE by item(I,w,0,0) and note that —item(I,w,0,0) is
stable for a given w. The transaction definitions become

Bag_InB,w) = (T1.1)
In:
BestFit(B,w), NextPos(B,n), item(I,w,0,0)t
_)
item(I,w,B,n)
IIT: item(I,w,0,0) » Bag_InB,w)
Make_Bag(B,w) = (T2.1)
I:
MaxWg(w), NoFit(w), NextBag(B), item(I,w,0,0)t
-
item(I,w,B,1)
NI: item{,w,0,0) — Make_Bag(B,w)

To prove the termination condition (P2), we can simply
observe that

GPOST = [V Lw :: —item(I,w,0,0)]

§.2.3 Refinement 3:
Reducing query complexity

It is well-known within the expert system community that
the pattern matching phase of query evaluation consumes a
large portion of the total time needed to execute one cycle in a
rule-based program [7]. Our program currently uses complex
queries, whose evaluation is likely to burden even the fastest
matching algorithm. The goal of this refinement step is to
reduce the complexity of these queries, thus yielding a more
efficient program. The basic mechanism we employ
throughout this section is to create new, continuously-updated
tuples that hold the values otherwise computed by complex
queries. New safety properties involving these tuples are added
to the specification in order to formalize processing
obligations relating to the maintenance of such tuples. The
same safety properties are used to prove that transactions, in
which complex queries are replaced by references to these
tuples, preserve the original specifications.

In Section 5.2.1, we split the Bag_In transaction across
bags, allowing individual bags to be in control of the items
packed in them. Intuitively, it is reasonable to expect that
complex queries that change with respect to bags are easier to
reduce than complex queries that involve changes to the set of
items. This is exactly the case. For instance, the satisfaction
of the queries NextPos(B,n), WgBag(B), NextBag(B), Fit(B,w)
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and NoFit{w) changes only when the state of a bag changes.
References to these complex queries can be replaced by
references to tuples that maintain the values of the original
query. On the other hand, the values returned by the queries
BestFit(B,w) and MaxWg(w) may change each time the state of
the items changes. We therefore use tuples to approximate the
respective values of these queries. Maintaining the actual
values would be unnecessarily difficult, requiring each
transaction to re-calculate the values each time the state of any
single item changes.

Replacing queries by single tuples. To clarify
the reduction process, we first expand BestFit(B,w), make an
initial set of simplifications, and later return to the reduction.
The expanded Bag_In(B,w) transaction is

Bag_In(B,w) =
In:
w = [max I',w' : item(T',w',0,0) A Fit(B,w') :: w'],
NextPos(B,n), item(I,w,0,0)%
-

item(I,w,B,n)
II: item(I,w,0,0) — Bag In(B,w)
We can redefine Bag_In(B,w) using a tuple capacity(B,c), where
c represents the spare capacity of the bag, and a tuple
next_pos(B,n) that maintains the next position n available in
bag B. The tuple capacity(B,c) must be inserted into the tuple
space the first time an item is packed in any bag. This is done
by Make Bag(B,w). The tuple must be updated whenever the
spare capacity changes. Thus, Bag_In(B,w) is responsible for
updating capacity(B,c). When bag B is created by filling its
first position, Make_Bag(B,w) also creates next_pos(B,2) and
whenever an unbagged item of weight w is placed in bag B,
Bag_In(B,w) replaces next_pos(B,n) with next_pos(B,n+1).
We now show the changes to Bag In(B,w) caused by
introducing capacity(B,c) and next_pos(B,n). The changes to
Make_Bag(B,w) are presented later when reduction of its
queries is performed.

Bag_In(B.w) =
Inc:
w = [max I',w' : item(I',w',0,0) AW <c W],
capacity(B,c)t, next_pos(B,n)}, item(I,w,0,0)+
N
item(I,w,B,n), capacity(B,c-w), next_pos(B,n+1)

I'T: item(I,w,0,0) — Bag In(B,w)

We turn our attention to Make_Bag(B,w) to reduce the
queries NoFit(w) and NextBag(B). The reduction of the query
MaxWg(w) will be discussed later. The only reduction that can
be performed on NoFit(w) is to redefine the predicate using
capacity(B,c), but all existing bags must still be checked. To
reduce NextBag(B), the tuple next_bag(B) can be introduced to
keep track of the next bag to be created. Because initially the
next bag to be created is the first bag, we require that
INIT = next_bag(l). Whenever Make_Bag(B,w) places the
first item of weight w in a bag B, it must also insert
next_bag(B+1). The resulting definition of Make_Bag(B,w),
including the changes from introducing tuples required by
Bag _In(B,w), is as follows.



Make_Bag(B,w) =
I:
MaxWg(w), [V B',c' : capacity(B',c") :: ¢'< w],
next_bag(B)t, item(I,w,0,0)t
__)

item(I,w,B,1), next_bag(B+1), capacity(B,H-w),
next_pos(B,2)

IHI: item(I,w,0,0) > Make_Bag(B,w)

Approximating queries by single tuples. We
desire to replace the computation of the “max” function in
Bag In(B,w) by introducing a tuple called best_fit(B,w) that
tracks changes in the set of items. (Note that this function
computes the maximum weight w among unbagged items that
can still fit in bag B.) This is not easily done because bagging
elsewhere may use up all the items with weight w. Updating
best _fit(B,w) in Bag_In is too complicated. Our solution is to
make w in best_fit(B,w) approximate and gradually converge to
the maximum w returned by the function. The definition of
convergence restricts the tuple space to at most one
best_fii(B,w) tuple per bag and w to be no greater than the
capacity of the bag and at least the actual maximum weight
value. The weight values of the tuple and the query it
approximates must eventually converge to the same value.
Convergence is detected when an unbagged item exists with the
weight value of the tuple best_fit(B,w). To ensure convergence
we add to Bag_In{B,w) a subtransaction of the form

II:
[V I:: —item(I,w,0,0)], best_fit(B,w)t, w > 0
——)
best_fit(B,w-1)

Making the appropriate substitutions in the Bag In
transaction, however, poses a problem because we can no
longer use an ensures property to prove (P3), the original
leads-to property on which Bag_In(B,w) was based. The
reason is that we used the set of Bag_In transactions to prove
(P3) and now we are altering their meaning. We need to prove
(P3) differently by examining the global effect of the local
convergence of best_fit(B,w). Such a proof splits (P3) into
two leads-to properties to which transitivity can be applied:

NrWg(w) = k A MaxFitWg(w) (P5)
s
NrWg(w) = k A MaxFitWg(w) A NearFit(w)

and

NrWg(w) =k A MaxFitWg(w) A NearFit(w) (P6)
-
NrWg(w) <k

where
NearFit(w) = [3 B :: best_fit(B,w)] (D13)
The new subtransaction is used to prove «(P5) through

induction, and the first subtransaction of Bag In(B,w) (below)
is used to prove (P6).

Bag In(B,w) = (T1.2)
ILn,c :
best_fit(B,w)t, capacity(B,c)t, next_pos(B,n)t,
item(I,w,0,0)1
_)

item(I,w,B,n), capacity(B,c-w), next_pos(B,n+1),
best_fit(B,min(w,c-w))

It [V I —item(I,w,0,0)], best_fit@B,w)t, w > 0
-
best_fit(B,w-1)
i1 I: item(I,w,0,0) - Bag_In(B,w)

The insertion of best fit(B,min(w,c-w)) is necessary to
maintain w < ¢ for capacity(B,c).

The same process can be applied to Make_Bag(B,w) to
reduce the complex query MaxWg(w). This leads to the
introduction of an approximating tuple maex wg(w) and a
related definition of convergence. A subtransaction is added to
Make_Bag(B,w) to guarantee convergence and MaxWg(w) is
replaced in the first subtransaction to detect convergence, as
was done with best_fit(B,w). The tuple max_wg(H) must be
present initially in the dataspace.

Make_Bag(B,w) = (T2.2)

I:

max_wg(w), [V B',c' : capacity(B',c") :: ¢'< w],
next_bag(B)t, item(I,w,0,0)t

—)

item(I,w,B,1), next_bag(B+1), capacity(B,H-w),
next_pos(B,2), best_fit(B,min(w,H-w))
:  [VI:=item(I,w,0,0)], max_wg(w)t, w >0
—_)
max_wg(w-1)
HI: iternd,w,0,0) - Make_Bag(B,w)

Note that Make_Bag creates the tuple best_fit(B,min(w,H-w)),
setting its weight value in accordance with the earlier

constraints. At this point the initialization requirements
become
INIT = (C4)

[VwB:(1<w<H)A (1<B<N):: Make_Bag(B,w)]
AVwB:(1<w<H)A (1<B<N)::Bag In(B,w)]
A max_wg(H) A next_bag(1l)

5.2.4 Refinement 4:
Eliminating unnecessary transactions

Our final goal is to restrict the number of transactions
present in the transaction space at any one time in order to
reduce the time and space complexity. To do so we take
advantage of Swarm’s ability to dynamically create new
transactions. Ideally, we want a transaction to exist only in
those states in which it can perform some useful work, i.e.,
alter the current state. This is not always possible. In some
cases, transactions must perform unavoidable waiting. In other
cases, a state change may render some transactions useless but
the elimination of the transaction cannot take place until it is
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selected for execution. This latter case does not occur in this
example.

Given a transaction T, we analyze its queries and seek to
discover a predicate P that provides a reasonable
characterization for the set of states in which T can make a
useful contribution. In addition, we want to select P in such a
way that (1) any transaction that establishes P can also create T
without much added complexity; and (2) the only transaction
that invalidates P is T itself. Upon finding such a P, we attempt

to alter the program in order to achieve jny P <> T.

In the case of Make Bag(B,w) it is clear that no useful
work can be performed unless the next empty bag is B and the

largest weight among all items is approximated by w, (i.e., P =

max_wg(w) A next_bag(B)). Based on this observation, it is
reasonable to attempt to modify the program so as to enforce

inv (max_wg(w) A next_bag(B)) & Make_Bag(B,w) (S8)

and after some additional simplifications we obtain

Make_Bag(B,w) =
I:
[V B',c' : capacity(B',c') :: c'< w], item(l,w,0,0)}
-
item(I,w,B,1), Make_Bag(B+1,w), capacity(B,H-w),
best_fit(B,min(w,H-w)), next_pos(B,2)
I:  [VI:—item(I,w,0,0)], w>0
N
Make_Bag(B,w-1)
I IB',¢':
item(I,w,0,0), capacity(B',c'), w< ¢’
N
Make_Bag(B,w)

The additional predicates in the third subtransaction query
restrict the transaction to recreating itself (in a wait loop) only
if the largest unbagged item can still fit into an existing bag.
None of these transformations have any impact on the other
properties of the program.

For Bag_in(B,w), one way to accomplish the same task is
to require

iny best_fit(B,w) & Bag_In(B,w) (59)
(ie., P = best_fit(B,w)). This time the changes are not limited
to a single definition because Make_Bag(B,w) can create tuples
of type best_fit. To satisfy (89), Make_Bag must create a
transaction Bag In whenever it creates a tuple of type best_fit.
Also, having established the invariant relation between
best_fit(B,w) and Bag_In(B,w), we can eliminate the former
throughout the program.

Moreover, if we allow Bag_In(B,w) to carry two extra
parameters, the capacity ¢ and the bag position #, the result is
the simpler transaction definition below (with some related
changes in Make_Bag(B,w) ).

Bag_In(B,w,c,n) =
I:
item(I,w,0,0)}
—
item(I,w,B,n), Bag_In(B,min(w,c-w),c-w,n+1)
I [V I:: —item(I,w,0,0)], w >0
-
Bag_In(B,w-1,c,n)

The special query NOR can be used in place of
[V I :: —item(I,w,0,0)] to further reduce query complexity. The
final Swarm program is given in its entirety in Figure 2.

Program Bagger (H, N, weight :
natural(H), natural(N),
weight[1..H] of natural)

tuple types

[Lw,B,n : natural(l), natural(w), 0 < w < H,
natural(B), natural(n)
1 item(L,w,B,n)]
transaction types
[B,c,n,w :
natural(B), natural(c), 0 < ¢ £ H, natural(n),
natural(w), 0 <w< H::

Bag In(B,w,c,n)=
I:
item(I,w,0,0)t
-
item(I,w,B,n),
Bag_In(B,min(w,c-w),c-w,n+1)
Il : NOR, w >0 - Bag_In(B,w-1,c,n)

Make__Bag(B,w) =
1:
item(1,w,0,0)7,
[V B,w'c'n' : Bag_In(B',w',c',n') :: ¢'< w]
_.)

item(I,w,B,1), Make_Bag(B+1,w),
Bag_In(B,min(w,H-w),H-w,2)

Il : NOR, w>0-— Make Bag(B,w-1)

LB, w'c'\n':
item(I,w,0,0), Bag_In(B',w'.c';n"), w< ¢
_
Make_Bag(B,w)
]
initialization

[I:0<I<N : item(,weight(I),0,0),Make_Bag(1,H)]

Figure 2: Final concurrent version of

the Bagger program.
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The final version of the Bagger program is compact,
highly concurrent, and executes efficiently on a parallel
implementation [13]. The strategy used to develop the
program is formal in the sense that every refinement can be
shown to be correct—even though, for the sake of brevity, we
provided only an outline of the derivation steps and omitted all
proofs. The strategy is economical, i.e., most proofs involve
only small parts of the program or the specification. This is
due largely to the use of a UNITY-like proof system, but also
due to the way in which we structured the overall derivation
process. This same careful structuring of the process, we
believe, makes it feasible to use our derivation strategy on
larger problems.

6 Conclusions

The theme of this paper is formal derivation of concurrent
rule-based programs from their specifications. Our program
derivation strategy applies, adapts, and extends techniques
already well established in concurrent programming to the
domain of rule-based programming. Our aim is to apply formal
techniques in a manner which frees the programmer from
considering unnecessary details. The emphasis is on clean
formal thinking in a practical setting. Our program derivation
strategy is divided into two major tasks. The first task relies
on specification refinement. Techniques similar to those
employed in the derivation of UNITY programs are used to
produce a correct rule-based program having a static knowledge
base, i.e., a fixed set of rules. The approach has direct
applicability to the generation of programs targeted to
currently popular rule-based programming languages, such as
OPS5 [6]. The second task involves program refinement and is
specific to the development of concurrent rule-based programs.
It relies heavily on the availability of a computational model,
such as Swarm, that has the ability to dynamically restructure
the knowledge base. Here, the concern with achieving high
degrees of concurrency and with reducing query complexity
guides the program transformation. Since we made almost no
assumptions about the underlying architecture, we believe the
heuristics employed in this task exhibit a high degree of
generality and we expect them to be applicable to other
emerging parallel rule-based systems.
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